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Abstract

Temperature distributions in structure with random material properties is investigated. Variational methodology
is proposed for the analysis of heat flow with phase change using the enthalpy of the system. The solution
procedure for phase change effect is discussed. A system of partial differential equations is obtained and solved for
the first two probabilistic moments of the random temperature field. The finite element equations are derived. © 2000

Elsevier Science Ltd. All rights reserved.
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1. Introduction

The numerical methods, especially the finite el-
ements, are widely used and its application in thermal
analysis is universally accepted. The analysis of ther-
mal problems subjected to external loads is developed
under the assumption that the structure’s parameters
are deterministic quantities. For a significant number
of circumstances, this assumption is not valid, and the
probabilistic aspects of the thermal problem need to be
taken into account. The literature on the probabilistic
methods in mechanics is considerable (see Refs. [1,2],
for instance). In this paper, we apply the finite element
method with a probabilistic context called stochastic
finite element method (see Refs. [3-6], for instance).
This broad definition includes the first- and second-
order moment methods. The main advantage of this
non-statistical methodology is that only the first two
probabilistic moments of random parameters (i.e.
spatial expectations and cross-covariances Oor Cross-cor-
relation functions) are required on input, while in the
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statistical approach the whole probabilistic structure
(probability density or probability distribution func-
tions) and a large number of samples generated ran-
domly are needed. In the paper a variational
methodology is proposed for nonlinear transient heat
transfer systems with phase change with random par-
ameters defined by their first two probabilistic
moments. The basic difficulty in the finite element
modeling of heat transfer problems with phase changes
lies in a temperature solution with discontinuous tem-
perature gradients at the phase transition surface. A
method that can directly be employed in conventional
finite element computer programs is the procedure pro-
posed by Morgan et al. [11] and Comini et al. [10].
However, this technique must be used with care,
because for a given phase change temperature interval
the time step used must be small enough that the
change in temperature during one time step, in a
region undergoing a change of phase, is less than
phase change temperature interval. In this study we
use a procedure to phase change problems proposed
by Rolph and Bathe [14]. This procedure is relatively
simple and restrictions on the time step size and mesh
configurations are greatly reduced and no special con-
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Nomenclature

T temperature

K; thermal conductivity tensor

(0] rate of heat generated per unit volume
H enthalpy

x position vector

t time

T boundary temperature

q boundary heat flux

n; unit outward

f"o initial temperature

qi heat flux vector

B convection coefficient

) radiation coefficient

g Stefan—Boltzmann constant

T temperature of external radiation source
V radiation view factor

fa surface emissivity

€ emissivity of the radiation source
¢ specific heat of material

p density of material

L Latent heat

T solidus temperature

T liquidus temperature

n Heaviside function

ATy  phase change interval

Tt phase change temperature (7t = Ty)
b = b, random variable vector

b0 spatial expectation of b.(x;)

T nodal temperature vector

K heat conductivity matrix

C specific heat matrix

0 thermal load vector

ditions on the phase change temperature interval need
be satisfied.

2. Heat flow equation

The governing equation of heat transfer in a ther-
mally anisotropic 3D region Q can be written in a
differential form as follows (i,j =1, 2, 3)

oH
(kg]'TS/‘)J-FQ = E (x, T) ceQxt (l)
with the boundary conditions imposed on the bound-
ary surface temperature

T:f (x,f)€3QTXt 2)
and the boundary surface heat flux
—kyniT;=q (x,7)€0Q, x 1 3)

and the initial condition imposed on the initial tem-
perature distribution

To:f() (x,‘L’)GQX{O} “)
where

T  is the temperature

ki is the thermal conductivity tensor

Q s the rate of heat generated per unit volume

H is the enthalpy

x is the position vector which identifies materials
particles in the domain Q

denotes the time domain

~

T isthe temperature acting on the boundary surface
Q7
q is the heat flux on the complementary boundary

surface 9Q,
n; is the unit outward-drawn vector normal to 0Q
Ty is the initial temperature

and for any function g, the notation g; stands for the
partial differentiation of g with respect to the spatial
coordinate x;.

The Fourier’s constitutive relation reads

qi = —k;T, (%)

¢; being the heat flux vector
Eq. (3) may be specified to include convection
boundary conditions on a part 3Qq¢" of 4Qq

—kyn T = Eo(T— Too)  (x.7) € 324" x 1 (6)

where £ is convection coefficient, and radiation
boundary conditions on a part 3Q¢'» of 9Qq

—kym Ty =S (T" = T)) =1(T— Tw) ™

in which the coefficient & is computed as

3 11 -1

C(r):O'V—-'-——I (8)
€ €

and

1= (T +T8)(T+ T ©)

where ¢ is the Stefan—Boltzmann constant, Ty is the
temperature of known external radiation source, V' is
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the radiation view factor, ¢ is the surface emissivity,
and ¢ the emissivity of the radiation source.

Looking for an approximate temperature solution to
the above initial-boundary value problem we usually
form the residuals

oH
"= —(k,«ﬂ}) -0 + — (10)
ry = q+ kymT; (11

and then solve the problems (1)—(4) by determining the
square integrable temperature field 7' satisfying the
temperature boundary condition and zeroing the fol-
lowing weighted residual

r¢ d(0Q) =0 (12)
1Qq

R:JQr.d)dQ—f—J

for all square integrable weighting functions ¢(x) that
vanish on Q7. The residual (12) can be transformed
as follows

e [-raor (2]

[ @k d00)
3Qq

=_ J ki T i d(3Q) + J |:kijT,/'¢,i
3Qq

Q

+(%’j_g>¢] dQ—f—J (@ + kg, T,)p d(69Q)

| ()]

+ [ Gh d(32) =0
3Qq

(13)

The derivative of H with respect to time t is given as

oH ~ oL\oT
o <c+sa7>E (14)

where ¢ = ¢- p, ¢ is the specific heat of material, p is
the density of material, L is the latent heat, and

|1 forTelTs, Ti]
s {o for T € R — [T, Ti] (15)
where Ty is the solidus temperature and 7; is the liqui-

dus temperature.
By Eq. (14) we have

(16)

oH 8T+ BLBT : 8L aT
ot at T 9t 8T i3

We can also rewrite the above equation in the alterna-
tive manner which is applicable in the paper of Mor-
gan et al.

aH {
LSS

T—T)—n(T—T)]L
! [n( ) —n( D] }ﬂ“ (17)

AT 0t

where 1 denotes the Heaviside function

N —a)= {(1) Y as)

and AT = Tj — Ty is the phase change interval.

We rewrite Eq. (17) as
oH ~ aOT
KA () (19)
T ot
where
54 [(T — T) — (T — Ty)]

=S(T,T.,T)) = 2
$=8r. 1. 1) = (20)
The residual R in Eq. (13) takes the form

- oT
R= J {ki,-T!,-qs’,- + [(c +SL,T)¥ - Q]d)} dQ
i 1)

+j i d(dQ) = 0
3Qq

At any given time instant 7, Eq. (21) is clearly non-
linear in 7. To solve the equation for 7" we may use
the iterative technique of Newton—Raphson which is
based on zeroing the ‘next’ kth residual written as

R(k) ™ R(k—l) + R(]/ffl) % 5T(k) -0 (22)

in which R*=1 = R&=D(T(x, 1,), x, 1,) corresponds to
the ‘last’ (k — 1)th approximation to the temperature
field 7= T® Y assumed known, dT® is the iterative
correction to be determined from Eq. (22) such that

T(k) T(/s 1)+bT(/s) (23)

and R4V = dR* -V /dT is the (k — 1)th tangent oper-
ator defined by

RT:,[Q|:8k1/T¢ +kl]¢za +¢<

9caT  9*L 30 B
— s - dQ
ot T 8[,8x;>i|

2
+ qu b1 aw0) (24)
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The notation Ry % 6T should be clear from the context
with * indicating that 67 multiplies the appropriate
integrand rather than the whole integrand expression
that defines Ry. The operator Ry depends nonlinearly
on 7, linearly on ¢ and acts linearly on 67; we shall
use the notation

T; ¢]% 0T = Re[T; ¢; 0T]

; 36T
[ ’T,qb OT + ki 5T ; +¢(c—
3¢ aT 3L 20 30
T L YT Tt AT ! de
+ j 29 574(30) (25)
391/ 3T

The iterative procedure can be seen more clearly for a
time-discretized formulation in which we assume that:

(a) solution up to a typical time instant ¢ has been
obtained,

(b) solution Ty4a, at time ¢+ At is looked for,

(c) a finite difference scheme in time such as the
one-step backward Euler scheme is employed so
that

. 1
Tt+At = _(TH—At - Tr) (26)
At

and consequently

k) (k)
T§+Ar <T1+Ar Tf>’

5T(k) 5T§§—)Ar - AI‘STYJ:AI’

a
w _ ® _ w0 _ w
3.97 *5Tzlm KéTr+Az E5T

Eq. (25) at 1 = ¢t + At becomes
REV[T ] xoT®

k(A 1) P
— T(A 1) k(/\ Dy 9
JQ|: oT d) + d)la’Cl

4 1oad
+<f>(cl‘ '+ = (7% - T)

At oT At
L 30 90 9 ®
—=__=_]|67%dQ
t ST T aT AT, dx; o™ d
+J qs%ar“‘)d(ag) 27)
HQq BT

where all the functions (except for T;!) are under-
stood to be computed at time 7+ At and the tem-

perature value T, *=D The operator equation (22)
with the term R(k lz}éT(") given as Eq. (27) can be
solved for 6T % by any of the known techniques in
use for solving partial differential equations (PDEs)
with respect to space variables. It should be noted
in this context that even though the operator R in
Eq. (21) generates the symmetric finite element
‘secant’ stiffness matrix (dependent on T),
spatial discretization applied to Eq. (22) with (27)
results in a non-symmetric tangent stiffness matrix
which may unfavorably influence the efficiency of
the solution procedure typically based on symmetric
linear equations solvers. Therefore, different sym-
metric approximations to the non-symmetric tan-
gent stiffness are used in practice with the non-
symmetry effects accounted for in an iterative
fashion.

3. Formulation of the problem

Let us denote by b = b, = (by,...,br) any random
variable vector. The second-moment-second-order-per-
turbation methodology (see Refs. [5,6,9]) involves
expanding in the power series in all the functions of
the random variables b,(x;) included in Eq. (13), i.e.
temperature 7(b,), latent heat L(b,), thermal conduc-
tivity  ky((br), T(b,)), material density p((b.); T(b,)),
specific heat capacity c((b,); T(b,)), rate of heat gener-
ated per unit volume Q(b,) and boundary heat flow
q((b,), T(b,)) about the spatial expectations of b.(x;),
i.e. about % = b%(x;) and retaining up to the second-
order terms. These expansion are expressed symboli-
cally as

. 1 .
()= () () Dby + 57°(+ )™ Ab,Ab (28)
where
yAb, = 6b, = y(br — b?) (29)

is the first variation of b, about b?, and
92 Ab,Abs = 6b,5by = 7> (b, — b°) (b — b°) (30)

is the mixed variation of b, and b, about »? and 5"
and y is a small parameter. The symbol ()0 denotes
the value of the functions taken at the expectations 5,
while (-)" and (-)"*, respectively, represent the first and
second total derivatives with respect to b, evaluated at
b?. The expansion (28) is now substituted into the prin-
ciple (13). By equating the same order terms in the
resulting expression, we obtain the hierarchical PDE
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system for the stochastic version of the transient vir-
tual temperature principle as follows:

Zeroth-order

[ (& 4+ 52957 + £794,) 4@
) i7"

= [ $0° dQ + [ $q" d(3Q) (31)
JQ .

q

First-order

L) (50 +sLo%T ¢+ Xngjd),,-) do
= J 0" dQ + J $q" d(0Q) (32)
Q 99,

= U(a*‘ +sL) T+ 15T, ] a2
Second order

L (EO +5L977 g + xf-)/-Tflg)qS’i) BTe)

¢é(2) d(3 Q)
9,

= ‘ $0? dQ+J
JQ
(33)

= | (g 2m)s 0,00

where ()@ denotes the double sum (-)"*S™, r, s=1,
2,..., R. The first two probabilistic moments for the
random variable field b, = (b1, ..., bg) are defined as

+00

b,ftb,) db, (34)

—00

E(b) =10 = J
Cov(b,, bs) = S™ (nosumon R)

N RAVOL 3

—00

The definition (35), corresponds to
S = 0,000, (36)

with

—00

1/2 ©

where E[b,], Cov(b,, by), Var(b,), p,, o and f(b,) =

f(by, by,..., bg) are the spatial expectations, covari-

ances, variances, correlation functions, coefficients of
variation and R-variate probability density function,
respectively.

Having solved the equation system (31)—(33) for the
functions 7° T, T® the probabilistic distributions
of the random temperature field 7(b,(x;), x;, T) may,
for a given y, be computed from its power expansion
using the definition of the first two probabilistic
moments. (Setting y =0 yields the deterministic sol-
ution.) The solution can be obtained by setting y =1
which, of course, stipulates that the fluctuation of the
random field variables b, is small. Thus, by substitut-
ing the expanded equation (cf. Eq. (28))

T=T"+T"Ab, + %T”Ab,.Abs (38)

into the definition of the first probabilistic moment

—+00

E[T(xi,1)] = J N T(x;, 1) f () db (39)

the second-order accurate expectation for the random
temperature field is written as

E[T(x1, 1)) = T(xi 1) + %T(Z)(x,-, 7) (40)

since (cf. Egs. (28) and (35))

+00

HT0)] = J [To(b(,’) T (0) Ay

—00

+ %T”’(bf?)AbsAb,}/(b) db

, e 1
=TOX 14T x 04 5T7S" =104+ 5T (1)

Clearly, if only the first-order accuracy of the tempera-
ture estimation is required, then Eq. (40) reduces to

E[T(xi)] =T (x1) 42)

In the framework of the second-moment-second-order-
perturbation methodology, the cross-covariances can
be estimated with only the first-order accuracy. Intro-
ducing the second-order expansion of the random tem-
perature field into the definition
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Ccov(T!, T?)
—+00
- J (7" — ErO] 72— ETD)] 1) db (43)

we get the cross-covariances for the random tempera-
tures at the spatial coordinates x!,x? at any time

J
instant 7 as
Con(T!, 72) = 7 (V. 727 (2. <) 57

— Tl,rT2. rQrs (44)

Egs. (40) and (44) holds true for both the transient
and the steady heat transfer systems. It is pointed out
that in the above formulations the input random par-
ameters b, defined by Eq. (34) are random variables in
space, i.e. uncertainties in b, are assumed to be time-
independent. Although problems with input data being
random in space as well as in time are beyond the
scope of the current second-moment-second-order-per-
turbation strategy, it turns out that the first two space-
time probabilistic moments for the temperature field
T(b,7) can be evaluated.

4. Finite element model

The incremental finite element interpolation is
employed

7(b,) = H,T,(b,) = HT
x=1,2,....,N,p=1,2,...,N,r=1,2,...,R (45)
The power expansions for the functions 7, k, ¢, Q(t)

and ¢ about the random variable expectations bg are
written symbolically as

. 1 .
(+)= ()49 )"Ab+ 57°(- )" Ab,Ab, (46)
where, as before (cf. Eq. (28))
yAb, = db, = y(bp - bg) 7

is the first variation of b, about bg, and

(b)) = H,T,(b,) = HT

72 Ab,Aby = 3b,0b, = 7> (bp - bg)(bg — 1) (48)

is the mixed variation of b, and b, about bg while (-)0,
(-)* and (-)* are functions of the zeroth, first and sec-
ond total derivatives with respect to b,, respectively;
the functions are evaluated at bg.

Moreover, we assume
S(T(b,), Ty(by), Ti(b,) = S(T°, T, T) = §° (49)

By introducing the finite element approximations (45)
and (46) into the zeroth-, first- and second-order vari-
ational statements (31)—(33) and using the arbitrariness
of 0T in Q, we arrive at the following hierarchical
ordinary differential equation system governing the
transient heat transfer process:

Zeroth-order (y°) term

1 + K10 = @° (50)

First-order (y!) terms

R K = o (Co 1 o) o

Second-order (y%) term
COT(Z) +K0T(2)
— [Q,pﬂ _ Z(C‘pT’J + K.pT.a) _ (C,ﬂaTO

- K"’“TO)]S”” (52)

bg = E[b,] denotes the expectations of the random
variable vector b,, S?” =Cov(b,, b,) is the covariance
matrix for the entries of the vector b,, while the vector
of the second-order nodal temperatures is defined as

196°) =17 (6°)s7" (53)

The right-hand side of Eq. (54) results from the re-
lationship (cf. Egs. (34) and (46))

T(I2) — T’:Yslﬁ' — H”_T:paSprr — H’iT(Z) (54)

In Egs. (51)—(53), the zeroth-order heat capacity
matrix C°, heat conductivity matrix K°, right-hand vec-
tor Q° and first and second derivatives of C, K and Q
with respect to the random variables b are expressed as
follows:

Zeroth-order functions

' = J (< + $°L°)HH do
Q

K’ :J KkyH H ; dQ
o
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0’ = JQ O°H dQ + [ ¢"H d(6Q) (55)

Jag,

First derivatives

Ccr = ‘ (e* + S°L)HH dQ
JQ

K’ = JQ k{H H ; dQ

G'H d(3Q) (56)
a0,

Q" = L O"H dQ + J

Second derivatives

C*” = | (e + 8°L+")HH dQ
Q

K*? = k};-NHJ'HJ' dQ
Q

§*°H d(3Q) (57)
90,

0" =| O"HdQ+ J
Q

All expressions evaluated at the expectations b°.
Recalling the notation

,)_@‘ e 90
=" b O ab,h,

(58)

b, :hﬁ’,; be=b?

the following differential operators are employed for C
and K

d a a dT

b9 T

& 92 N 9> dT, 92 dT,
db,db, — 3b,0bs  3b,0T, dbs ' 3bedT, db,

32 dT,dT; 8 d’T,
dT,dTs db, db, 3T, db,db,

(59

Similarly, as for the continuous system the zeroth-
order nodal temperatures T° are to be solved iter-
atively.

We rewrite Eq. (49) in the residual form as

R(T)=C’T" + KT - Q" =0 (60)

The nodal random temperature field can now be

expressed as (cf. Eq. (45))
T=T"+T’Ab, + %T*""Abl,Aba (61)

By the definition of the expectations for any nodal
temperatures T'(t) at any time instant and cross-covari-
ances for T'(z;) and T(#;) we have, respectively (cf. Egs.
(36) and (42))

+00

ET) = j /() db

—00

Cov(T(11), T(12)) =

oo (62)
J (T(1) - E[T()]{T () — E[T(12)]}/®) db

in which f(b) is the probability density (nodal) func-
tion. Similar relationships hold for the nodal tempera-
ture velocities 7.

Introducing Eq. (61) into (62), observing in the
resulting equation that the terms involving the first
variation of Ab, vanish (cf. Eq. (39)), and using Eq.
(53) yields the second-order accurate spatial expec-
tations for the nodal temperatures at any time instant
as

1
ET] =T+ ET(” (63)

and the first-order accurate space-time cross-covari-
ances as

COV[T([]), T(lz)] = T'p(ll )T’G(lz)S‘DU (64)

5. Solution procedure

The problem considered can be solved using the
method of solution proposed by Comini et al. [10] and
Morgan et al. [11]. In our example, we use the method
proposed by Rolph and Bathe [14].

The essence of the procedure is to construct the
latent heat flow vector using the enthalpy the system.
The enthalpy for any time step n+ 1 (i.e. time ¢+ Af)
can be written in an alternating manner as

pt+AL AL
H:J ‘ ETdr+s‘ Ldr ) dQ (65)
Q\Jo Jo

Typical relationships between the enthalpy and tem-
perature are shown schematically in Fig. 1. The flow
due to latent heat (index 1) at node k at time step n + 1
is denoted by 5’]";1) and by Tf(’) is the i the approxi-

mation of the total temperature increment at node k
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and Qf, is L/At integrated over the contributory
nodal volume. Consider Euler backward integration
scheme. At the beginning of each time step i = 1,
n+1Q(0) =0
Lk =Y
For pure substances (AT; =0), T; is phase change
temperature (Fig. 2), if temperature is outside phase
change

"Ty < T¢ and 11+1Tg)<Tf (66)
or

"Ty > Ty and "'TV > T; (67)
then

—i) .

7=ty

AQY =0 68
0% (68)

If temperature passes through phase change tempera-
ture "Ty = T or

"Ty < Tt and ""'TV>T; or "Ty > T; and
1+AzT(i)<T
k=14t
then

7 =1 -7, (69)

temperature

T=1.=T; |

. 1 L

AQY), = _J LT - T de (70)
Qy

> A0 = +05, (1)

where ‘+’ is for solidification, and ‘—’ for melting.

P (i) (i—1) i

H—IQLIk _ t+ArQle + Ang)k (73)

If ATt >0 and temperature is outside phase change
temperature interval

"Ty < Ty and ”+1T,(f) <T; or

(74)
nTk > Ty + ATf and ntl T,(‘,l) > Ty + ATf
then
7‘—-;{1') _ T;f)
Q) =0 (75)

If temperature passes through phase change tempera-
ture interval

Tr<"Tp < T + AT; (76)

phase transition
region

enthalpy

Fig. 1. Relation between enthalpy and temperature (7} = T = Ty).
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temperature

phase transition
region

enthalpy

Fig. 2. Relation between enthalpy and temperature (7] > T, ATy > 0).

or
"Te < Ty and “NTV>T

or

"Ty > Ty + ATy and ’1+1T§j)£Tf+ATf

then

. 1 .
AQY, = _L A75*(T<k') - T+ ’Tk) dQ
k

where

1
AT/ + (1/1%)

. AQY
Tf(’) =T —"Ty + Z *Ql.k AT,
Ql, k

~x

> AP, =+ 05,

6. Sample analysis

(7

(78)

(79

(80)

(81)

(82)

Solidification of a semi-infinite slab of liquid is con-
sidered initially at zero temperature (Fig. 3). At time
t =0 the temperature of the surface of the liquid is
reduced to —45°F. The similar deterministic problem

was considered earlier by Comini et al. [10], Morgan et
al. [11] and Ichikawa and Kikucki [12,13]. The prob-
abilistic data used in computations:

e random material properties:

E(k) = 1.08
E@) =10
E(L) =70.26
E(Tt) = —0.1
y
1.0
T=450 40 x

8 one - dimensional two node elements

Fig. 3. Finite element model for solidification problem con-
sidered.



2312

Table 1
Expectations of temperature and temperature deviations at x = 1

A. Stuzalec | Int. J. Heat Mass Transfer 43 (2000) 2303-2312

Time step 1 2 3 4
Expectation of temperature —1.23 —11.21 —17.35 —20.01
Standard deviation 0.296 2.842 4.457 5.175
e cross-correlation functions [3] H. Contreras, The stochastic finite element method,
o Comput. Struct 12 (1980) 341-348.
k', k) = exp[ —abs(x; — xj)/ék] [4] S. Nakagiri, T. Hisada, K. Toshimitsu, Stochastic time-
history analysis of structural vibration with uncertain
W&, &) = exp[ _ abs(x,' _ xj)/fg] (li;(r)nping, PVP93, ASME, New York, 1984, pp. 109—
[5] W.K. Liu, T. Belytschko, A. Mani, Random field finite
wll’, L) = exp[ — abs(x,' — Xj)/éL] elements, Int. J. Numer. Methods Eng 23 (1986) 1831-
1845.
e coefficient of variations [6] W.K. Liu, T. Belytschko, A. Mani, Probabilistic finite
elements for nonlinear structural dynamics, Comput.
G=C=¢ =1 Methods Appl. Mech. Eng 56 (1986) 61-81.
e correlation lengths [71 O.C. Zienkiewicz, The Finite Element Method,
McGraw-Hill, New York, 1977.
o =of = o) =0.15 [8] A. Stuzalec, Temperature field in random conditions,
Int. J. Heat Mass Transf 34 (1) (1991) 55-58.
Results of the analysis are given in Table 1 where [9] H. Kesten, Random difference equ‘ations and renewal
. . theory for products of random matrices, Acta Math 131
assumed time step is Az =1 s.
(1973) 207-248.
[10] G. Comini, S. DelGuidice, R.W. Lewis, O.C.
X Zienkiewicz, Finite element solution of non-linear heat
7. Concluding remarks conduction problems with special reference to phase
change, Int. J. Num. Meth. Engng 8 (1974) 613-624.
The derivations presented in the paper show that [11] K. Morgan, R.W. Lewis, O.C. Zienkiewicz, An
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